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ABSTRACT. In this paper we determine a radial solution of the Monge-Ampére equation on G2 4C using a
change of symplectic variable which helps us to simplify the writing of the latter then pul it in radial form

which will result in an ordinary differential equation.
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INTRODUCTION

In dimension n, a Monge-Ampére equation is a linear combination of the minors of the Hessian matrix [2]

o f

Hess(f) = (m)]"k=l...n

Let Q = %(dzl ANz +...+dzg A d%) be the canonical Kahler form on C* and o = dz; A ... A dzy, be the
complex volume form. A special lagrangian submanifold is a real n-submanifold L which is lagrangian with

respect to  and which satisfies the special condition
Im(a)|;, =0.

These submanifolds, introduced by Harvey and Lawson in their famous article Calibrated Geometries [4] are
minimal submanifolds of C*, and more generally of Calabi-Yau manifolds, transverse in some sense to complex
submanifolds. They have been extensively studied after the construction proposed by Strominger, Yau and
Zaslow [6] of mirror partners of Calabi-Yau manifolds based upon an hypothetic special lagrangian fibration.

Some examples have been given by many people. We can cite for example Harvey and Lawson [4], Joyce [5]
and Bryant [3].

For every smooth function f on R, the graph
of
L :{ —— y R"}
;=1{lg+i aq) q€

is a lagrangian submanifold of C*. The special lagrangian condition becomes then a differential equation on f,

called the special lagrangian equation: Noting that the Hessian matrix is symmetric, this is due to the formula

(2]:

n

Im(dete(Id +1iA4)) = Z (—1)*9r41(4) =0

k=0
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where A is a symmetric matrix.

For n= 3: (see [1])
Af —hess(f)=0
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A symplectic Monge-Ampére equation in dimension 3 associated with a non-degenerate Monge-Ampére structure

(Q,w) can be brought back by a change of variables symplectic to one of the following equations

hess(f) =1
Af — hess(f) =

0
Of + hess(f) =0

(
(

is integrable if and only if

d(—2—)=0

VM)
q is flat

. in dimension 3:

Af —hess(f) =0 w=dp Adg Adgs — dpa Adqy A dgs + dps A dgi A dgo — dpy Adps A dps

and for the Hessian equation:

hess(f) =14 w=dpy Adpy Adps — dgy A dgs Adgs
. The geometric structure on T*R? associated with the Lagrangian special equation
Af — hess(f) =0

is the classic Calabi-Yau structure (q, I, Q, a) with:

&
q=— ) doj.de; + dy;.dy;
i=1
g
I=Y 2 @de— 2 0dy,
¢ =Y !

= dzl /\dzg /\dZ3

In the same way, the geometric structure associated with the pseudo special Lagrangian equation

Of + hess(f) =0

is the Calabi-Yau pseudo structure (¢—, I, Q, o) with:
(4 = doy.doy — doa.dey + dzs.des + dy.dyy — dyp.dya + diss.das

3
Q= Ed&?j/\dyj

=1
Lo =dn Adzg Adzy
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These two structures are the only associated examples to the elliptic Monge-Ampére equations equations with
constant coefficients, there are only two equations on R®. Note that in any almost Calabi-Yau structure
(g,1,9, ) is associated with the elliptical structure (2, Re(a)). There is therefore a correspondence between
almost (pseudo) Calabi-Yau structures and conformal classes of elliptical Monge-Ampere structures. Concerning

the hyperbolic structure this concerns the equation

hess(f) =1
we will have the structure (g, S, 2, o, 8) with:
( 3
q= ) dz;.dy;
j=1
3
< S= Zla%] ®dzj — 7.~ ® dy;
i=
3
Q=3 do; Ady;
J=
(@ = day Aday Adzs, B =dy; Adyy Adys

1. DEFINITION & CONSTRUCTION OF THE METRIC OF G, ,4C

1.1. Parameterization of the group U(2). We use Euler decomposition to parameterize U(2):

W ( e"%ﬁ qosg e’lﬁ_;% sin 4 )
e 7% sing e cosl )’
Or:
gefo,x), éve2r), acl0,2n).
The Maurer-Cartan forms are:

3
w=U_1dU=ido+Za'j1'j

j=1
with :
T = %(Pauli matrices), o = da + % cos f dif,
1
o1 = 5((108111'&') + d¢sm6’cosw),
1
Oy = 5((19005“') = MSineSinIl’/))’

03 = %(d’g/‘) + cos0dg).
1.2. Grassmannian G, 4C. The space is given by:
G24(C) =

Writing an element of U(4) in the form of 2 x 2 blocks:

A B
= 5 A,B,C,D e M,(C),
9 (C D) 2(C)

the horizontal submanifold is imposed by:

whor = ATdB + C1dD.
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The Fubini-Study metric is then given by:

ds* = "I‘r(wl*mr Whor)

1.3. Final result: explicit expression. Using a diagonal symmetric parameterization

iX1 0
Z:(IrlC ), 0<r; <l

0 roe'X2

the o; act independently on each column.

We obtain:

L S, 5 P, S 2
dr-+r-(0'1+02+03) P
ds? = £ : + L (dx; + 00)?

Where by substituting the explicit forms:

(d6? + sin® 0 dg® + (dib + cos B dg)?) ,

= =

af+a§+a§=

a9 :da-{-%cos@dtb

This provides an explicit compact expression in spherical coordinates.

1.4. Dimension and Reductions. By fixing the gauge a = 0 and y3 = x» (quaternionic structure), we

recover the symmetric space metric:

. So()
G24(C) =~ 50(4) x SO(2)’

det(g) = C (siny sinf cosby costs)” (cos® 8y — cos®6y)° = C (sin, sinf, cos by cosBy(cos? 6, — cos? 6))”.

2. SOLUTION OF THE FIRST MONGE-AMPERE EQUATION ON Gy 4C
The complex dimension of Gr(k,n) is expressed by
dime Gr(k,n) = k(n — k).
Consequently, the real dimension is
dimg Gr(k,n) = 2k(n — k).
Calculation for Gr(2,4). Let’s apply the formula with k=2 and n = 4:
dime Gr(2,4) =2-(4-2) =4,

and therefore

dimg Gr(2,4) =24 =8,
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Note. This formula can be seen by counting the number of degrees of freedom required to choose a k-dimensional
subspace: we can represent this by a kx (n—k) matrix in a local affine map, hence k(n—k) complex coordinates.
The equation of the determinant of the Hessian is written as follows:

hess(f) =1
Consider the complex Grassmannian Gr(2,4) = U(4)/(U(2) x U(2)) with an invariant metric given by the

Maurer-Cartan forms cr,g_U}_. crg ) and the spherical angles 6, 6.

The radial Hessian Hess, is decomposed into blocks:

0 0
Hess, = ;
(0 H, angular)

where the angular block corresponds to the directions orthogonal to the radial direction.

The radial distance is defined by:

Note. - The angular factor comes from the directions on U(2) x U(2). - The pure radial direction has a zero
eigenvalue, hence the use of the psendo-determinant. - This factorization is useful for radial integrals and

calculating the volume on Gr(2,4).

Hessian on Gr(2,4). Let «: Gr(2,4) — R be a smooth function depending only on the radial angles 6;, 6 of
the Grassmannian.

The invariant metric is decomposed into a radial block and an angular block:
Y= dﬁ% + dﬂg + Gangular

where ganguiar i the metric over the factor U(2) x U(2).

The Hessian of u in local coordinates (61, 8y, ¥y, Oy, dy. ¥y, Vv, ¢v) is decomposed into blocks:

Hra,( ial 0
Hess(u) = ( 01 : - ) ;
angular

with
au & u
362 D608 : o
Hendin] = aZl s 312 % Hanguiar corresponding to the directions on U(2) x U (2).
u U

30,00, 067
The total determinant is then factored:

det Hess(u) = det‘(H rmlial) % det'(Hangular)-
For the angular directions, we have the explicit factorization:
det(Hangular) = C (sin By sinfy cosfy cos by (cos? By — cos? 82))2,

where C' =2 12.7096 for the standard normalization of su(2) generators and the gauge U =V =1, A=0.
Thus, for a radial function u(fy,6s):

8, u 2, u
det Hess(u) = det i il O C(siné; sinfy cos; cosby (cos? ; — cos 52))2

IS 2 [
dega] U ()329211.

Let u : Gr(2,4) = R be a radial function, that is, u = u(6;,85), where (6;,6;) are the principal angles of the

Grassmannian.

Be-Ecofriendly Save Trees Save Life



- C—_—

/N

A - - .
2 Pandian Journal of Mathematical Sciences
MatremsticalSeces A Peer Reviewed Journal
— 104
Volume 5, Issue 1, July 2026 E-ISSN: 2583-8822
The radial Hessian is:
fo) ?)2(;:
87 90,00,
Hradial = 8 8u

70,06, 903
The angular block contributes by:

det(Hanguiar) = C (sind) siné, cosfy coss (cos> 8 — cos® 63))°,

with €' =~ 12.7096 for standard normalization.
The Monge-Ampeére equation then becomes:

det Hess(u) = det(Hyagial) - det(Hanguiar) = 1,

or explicitly:

%u 0% B ( a2y )2 _ 1
90; 0963 96,96, C (sinf, sinfy, cosf) cosby (cos?§) — cos? 62))2

Remarks.

e This is a second-order nonlinear partial differential equation.

o To solve analytically, we can attempt a separation of variables:

u(y,0) = £(6,) + g(62),

which reduces the equation to two ordinary differential equations.

o For general solutions, we must resort to numerical methods adapted to the Monge-Ampére equations.

Solution radiale approximative. We are looking for a radial solution (6, 8;) with separation of variables:

1;;(91._92) = f(lg]) G 9('92)'

For small angles (#:,62 < 1), we approximate:
2

b’ ;
sin; ~8;, cosfim1l-— 5‘, cos® ) — cos® 6y ~ 62 — 62,

The Monge-Ampére equation then separates into two ordinary differential equations:

1 1

" 0. ~

where 0y is an adjustment constant.

By integrating twice, we obtain an explicit approximate solution:

(B, 0) ~ -9%[91 log ‘ 7 9_1 7 | - 61] + 3—13 [62 log [ i 9_2 92 - 92] + const.

This solution:

e is factorizable and radial,
e approximately satisfies det Hess(u) = 1 for small angles,

e can serve as an initial condition for a numerical solution on the whole of Gr(2,4).
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ASYMPTOTIC BEHAVIOR OF THE SOLUTION

For a radial function u(6;, 2) on the complex Grassmannian Gr(2, 4), the Monge-Ampere equation is written:

1

C('sin  sin B, cos f; cos B (cos? By — cos? 02))2 '

det Hess(u) = wg, 6, up,0, — (u0,0,)* =
where C = 12.7096 is a normalization constant.

Asymptotic behavior near the origin. For 6,60, — 0:

sinb; ~6;, cosb; ~1, cos®h —cos®y ~ 02 —63.

Assuming an additive factorizable solution u(6y,6s) = f(6;) + g(0s), we obtain:
FO) ~ e () ~ e
V86 -0%) ¥ 0 (62 -6)

After integrating twice, the asymptotic behavior near the origin is:

| u(y,05) ~ 60y log by + 03 log 0 + const.l

Asymptotic behavior near the boundary. For 8,6, — 7/2:

cosb; ~m/2—0;, sin;~1, cos®d —cos®ly~ (1/2—0,) - (7/2-6;)%
The angular factor tends to zero, and to maintain det Hess(u) = 1, the second derivatives must diverge:

1
uo,‘o" (o m.

After integration, the asymptotic behavior near the boundary is:

| (81, 62) ~ —(m/2 — 61) log(m/2 — 6:) — (/2 — 0) log(w/2 — 62) + const.

Summary.

¢;—=0: u(01, 02) ~ 01 log 01 + 65 1og 05,
0; = m/2: u(fy,0:) ~ —(7/2 —6)log(n/2 — 6;) — (7/2 — 6>) log(m/2 — 6,).
- Near the origin, the solution increases smoothly with a positive logarithmic term. - Near the edges of the

principal angle space, the solution diverges weakly in a negative logarithmic manner to compensate for the

collapsing metric. - Between these two regimes, the solution is smooth and monotonous.

Letcp=\/91 +92

101'
Ug;, = U —
Y
, 0:0,; 8 0,0 al g
Uoy,6; = U 7._2'7+“/(;J - ('0_3]) =5ij; +(E - g)eie,-
hess(u) v @ n_w 0if u' P W Al i
:_'ti-'_' —_——)— = — i | I e
T g g gle’ =< =Ll =

We introduce the radial coordinate

e=1/02+03, O=pcosa, 6y=psine, acl0,r/2.
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Then the differentials are written:
d6? + db2 = dip® + p?da®.
Thus, the radial block of the metric is diagonal with:

det(gradia) = ¥".

Angular block of the metric. The angular block, derived from the Mawrer-Cartan forms of U(4), has the
following determinant (in coordinates (64, 65)):

det(gang) = C (sin 6y sin f cos 6; cos fx(cos® 61 — cos? f))?,
where C' is a normalization constant.
Passing according to ¢. For ¢ < 1, we can approximate:
sinfy = ¢, =pcosa, sinf, =0, = psina,

costy =1, cosby =1, cos®l) — cos® by ~ 6‘3 - ﬂf = gag(sin‘za — cos® ),

So :
det(gang) ~ C (peosa - psina-1-1-@?(sin® o — cos® @))? = C ¢®(cos asin asin® o — cos® ).

Complete determinant of the metric. The complete determinant of the metric is the product of the radial
block and the angular block:

det(g) = det(gradial) - det(gang) ~ C ¢* - ¥*(cos asin a(sin® a — cos® a))?,
or finally:
det(g) ~ C ' (cosasina(sin® « — cos® a))®, = /0} +63.
Notes:

e For ¢ < 1, the radial block determinant is dominated by ¢* and the angular block contributes by ¢,
giving det(g) ~ ¢'°.

o The angular factor (cos asin a(sin® a — cos? a))? encodes the directional dependence of the metric.

o This expression is useful for volume calculations, Monge-Ampeére-type integrals, or Laplacian calcula-
tions in radial coordinates.

Consider the radial equation for u(p):
%“g) w" () C ' (cos asin a(sin® @ — cos® a))® = 1,
where C is a constant and e is a fixed angular parameter.
Formatting. We define
K() := (cos asin a(sin® a — cos® a))?.

The equation then becomes

1
to ” 9 _ ailslt — I ——
W' CK(e)p’ =1 = wlu CK(a)
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Substitution v(p) = u/(p). Let v() = u/(¢), then v' = w”. The equation becomes

1
” !/ P g
" T CK(a) ¢
Separation of variables:
1
dv = S dop.
Y==K’ ¥

2
Integration. - Left side: / vdv = % - Right side: / ¢ o= —%tp“s
We therefore obtain:

Ul 1 -8
7= "wRE@” T4

where A is a constant of integration.
Thus:

v(p) = “’(80) = \/2A - mﬁfg‘

Final Integration for u(p). The radial solution is written:

1
o= = in—8 - : o 2 2
9) _/\/QA 4CK(a)¢ dg, K(a)= (cosasina(sin®a — cos® a))".

Asymptotic behavior.
e For o — 0:
o 1 o
Vo = ————p™>.

1
ule) N/ JAOK@)~ *° 3/i1CK(a)
uga)~/\/2_Ady=\/2_A<p.

Remarks. - The solution is radial and depends on the angular factor K(«). - The integral for u(y) does not

o For ¢ — oo:

generally admit an elementary antiderivative, but its asymptotic behavior is explicit. - This form is sufficient

for numerical or analytical studies of the equation on Gr(2,4).

3. SOLUTION OF THE SECOND EQUATION Af — hess(f) =0 oN G,,C

Let u : Gr(2,4) — R be a smooth function and g be the invariant Riemannian metric on Gr(2,4). The
Beltrami Laplacian is defined by

Agu = divy(grad  u)

\/CW Z az«(‘/‘Fg e J)

§.3=1

where d = dimg Gr(2,4) = 8 and ¢" is the inverse of the metric matrix g;;.

Case of a radial function. If u depends only on the radial angles (6y,0s), the metric is decomposed into a
radial block and an angular block:

10 . s
9= Geaial + Gangulars  Gradial = (0 1) . det gungutar = C(sin 6 5in 3 cos ; cos fa(cos® b, — cos?6))”.
The Laplacian is reduced to the radial block:

Agu((?l, 92) =

I 4 ;o Ou
W [ +/det g, i _
det Jangular ;5= 00; (\/gd—"g“l“;gmdml aej)
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Explicit formula. With C ~ 12.7096 for standard normalization:

2 a : & 20 _ 2 ij du
Yii=1 00 (\/5 sin 6 sin 6 cos 6 cos f(cos® 0, — cos ﬁg)gmdiala—%)

Aju(b,0,) =
u(01,02) VC sin 0 sin f cos 0y cos O (cos? B; — cos? f;)

Consider the equation on the complex Grassmannian Gr(2, 4):
Af —Hess(f) =0,

where Af is the Laplacian associated with the Riemannian metric of the Grassmannian and Hess(f) is the
Hessian of f.

Af—=hess(f) =04 Af = hess(f), let’s look for a radial solution of this equation, we write f(6y, ) = u(yp)
with ¢ = /0% + 62. We have: % = o;iu' and therefore % = g;u” + %ﬁ-u’ then,

2
Af = Z (O_fu,, ¥ Mu') =u"+ lu' _ X w" () C " (cos asinasin® a — cos® a))?
= = = o ©) C " (cos asin s .

1 !
u + —u' = —u” C ' (cos asin a(sin® a — cos® a))?,
P v

where C is a constant and « is a fixed angular parameter.

Formatting. We define

2

K(e) := (cos asin afsin? o — cos? a))?.

The equation becomes:
1
v+ —u' = CK(a)p’u'v" = 0.
@

Factorization of u’:

'U,’

u'(1 - CK(a)p’v) = 5

Substitution v(¢) = u/(¢). Let v =1/, then v = u”. The equation can be rewritten as follows:

1 dv v
(1-CK(e)g™v) = —— = —=- .
J i dp (1 CK(a)p®)

Implicit form of v(y). The implicit solution is given by the integral:

[ a-cx@p)® =- [£.

This equation defines v(y) implicitly and can be solved numerically.

Final Solution for u(p). Once v(yp) is determined, the solution to the initial equation is obtained by:

mw=/wmw.
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Remarks.

o The angular dependence is encapsulated in K(a).

o The equation does not have a simple analytical solution as an elementary function, but the implicit
form is sufficient for numerical or asymptotic studies.

o This formalism is directly related to the radial structure of the metric on Gr(2,4) and to the determinant
of the Hessian.

Form for the derivative v(¢) = «/(¢p). The equation is rewritten:
v’(l - CK(a-)go‘qv) = —2, v=1l,
4

Asymptotic solution for ¢ — 0. For ¢ < 1, we have CK(e)¢”v < 1, therefore:

) A

vt = vp)~—, A€R
4 Y
Integration for u(yp):

u(g)~ Alnp+ B, p—0,

where B is a constant of integration.

Asymptotic solution for ¢ — 0o. For ¢ > 1, the nonlinear factor dominates and we have:

Integration for u(p):

<,a'8 + constant, ¢ — .

ue)~ 30K

Remarks.

o The complete elementary function solution does not exist due to nonlinearity.
o These expressions give the exact asymptotic behavior for the radial function on Gr(2,4).

o The angular dependence is encapsulated in K(a).
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